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A MULTIPLICITY ONE THEOREM FOR GROUPS OF
TYPE An OVER DISCRETE VALUATION RINGS
SHIV PRAKASH PATEL AND POOJA SINGLA
Abstract. Let o be the ring of integers of a non-archimedean local field with the maximal
ideal p and the finite residue field of characteristic p. Let G be the General Linear or Spe-
cial Linear group with entries from the finite quotients o/pℓ of o and U be the subgroup of
G consisting of upper triangular unipotent matrices. We prove that the induced represen-
tation IndG
U
(θ) of G obtained from a non-degenerate character θ of U is multiplicity free
for all ℓ ≥ 2. This is analogous to the multiplicity one theorem regarding Gelfand-Graev
representation for the finite Chevalley groups. We prove that for many cases the regular
representations of G are characterized by the property that these are the constituents of the
induced representation IndG
U
(θ) for some non-degenerate character θ of U. We use this to
prove that the restriction of a regular representation of General Linear groups over o/pℓ to
the Special Linear groups is multiplicity free for all ℓ ≥ 2 and also obtain the corresponding
branching rules in many cases.
1. Introduction
Let F be a non-archimedean local field and o be the ring of integers of F such that the
residue field k is finite of characteristic p and |k| = q. Let p be the unique maximal ideal
of o and̟ be a fixed generator of p. Let G be a split reductive group scheme defined over
o and G(o) be the set of o-points of G. For ℓ ≥ 1, let oℓ = o/(̟
ℓ). The groups G(o) are
pro-finite therefore every complex continuous finite dimensional irreducible representation
of G(o) factors through the quotient G(oℓ) for some ℓ. So it suffices to consider the finite
dimensional complex representations of the groups G(oℓ). Let U be the unipotent radical
of a Borel subgroupB ofG. Fix θ : U(oℓ) → C
× a one dimensional representation ofU(oℓ).
An irreducible representation π of the groupG(oℓ) is said to admit a θ-Whittaker model
if the dimension of the intertwiner space HomG(oℓ )
(
π, Ind
G(oℓ)
U(oℓ)
(θ)
)
is non-trivial and π is said
to admits at most one θ-Whittaker model if the intertwiner space HomG(oℓ)
(
π, Ind
G(oℓ)
U(oℓ)
(θ)
)
has dimension at most one. In view of this, the representation Ind
G(oℓ)
U(oℓ)
(θ) is multiplic-
ity free if and only if every irreducible representation of G(oℓ) admits at most one θ-
Whittaker model. It is natural to ask which irreducible representations of G(oℓ) admit a
θ-Whittaker model? More specifically, to determine the dimension of the intertwiner space
HomG(oℓ)
(
π, Ind
G(oℓ)
U(oℓ)
(θ)
)
for any irreducible representation π of G(oℓ).
These questions have already appeared in literature in many contexts. For example, for
ℓ = 1 andG(Fq) = GLn(Fq), one knows from the work of Gelfand and Graev [5,6] that for a
non-degenerate character θ of U(Fq), the induced representation Ind
GLn(Fq)
U(Fq)
(θ) (now a days
also called Gelfand-Graev representation) is multiplicity free and further every cuspidal
representation of GLn(Fq) has a θ-Whittaker model for any non-degenerate character θ of
U(Fq). They generalized these results further for finite Chevalley groups. These results turn
out to be very important because the cuspidal representations are known to be the building
blocks for all irreducible ones in these cases via the Harish-Chandra induction so in a way
the essential irreducible representations are captured by the Gelfand-Graev representation.
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For GLn(F), where F is a local field, Shalika [17, Theorem 1.6, 2.1] proved that every
(smooth) irreducible representation has at most one θ-Whittaker model for non-degenerate
θ and generalized this to split and quasi-split groups as well. The case of local fields
has several applications, for example certain integrals involving functions in the Whittaker
model gives rise to the local L-function [10, Theorem 2.18] and these local L-functions are
then used to define global L-functions [4,10]. Our focus is on the corresponding questions
for the groups G(oℓ), for G = GLn or SLn. It is to be noted that the construction of all
irreducible representations ofG(oℓ) are not yet known even for Char(o) = 0 case, see [2,3]
for few results in Char(o) = 0 case.
Let G = GLn or SLn and U(oℓ) be the group of upper triangular unipotent matrices in
G(oℓ). A non-trivial one dimensional representation ϕ : oℓ → C
× such that ϕ|̟ℓ−1oℓ , 1 is
called a primitive character of oℓ. For any n − 1 primitive characters ϕ1, ϕ2, . . . , ϕn−1 of oℓ,
define a one dimensional representation θ(ϕ1,ϕ2,...,ϕn−1) : U(oℓ) → C
× by
(1.1) θ(ϕ1 ,ϕ2,...,ϕn−1)((xi j)) := ϕ1(x12)ϕ2(x23) · · ·ϕn−1(x(n−1)n).
Any one dimensional representation of U(oℓ) of the form θ(ϕ1 ,ϕ2,...,ϕn−1) corresponding to
the primitive characters ϕ1, ϕ2, . . . , ϕn−1 of oℓ will be called a “non-degenerate character” of
U(oℓ). This is a natural generalization of the well known notion of non-degenerate character
of U(Fq) for U(oℓ). For a non-degenerate character θ of U(oℓ), we consider the G(oℓ)-
representation space Ind
G(oℓ)
U(oℓ)
(θ) and prove the following.
Theorem 1.1. For G = GLn or SLn, the G(oℓ)-representation space Ind
G(oℓ)
U(oℓ)
(θ) is multi-
plicity free for every non-degenerate character θ of U(oℓ).
The proof of this theorem is included in Section 4.2. The above questions for the groups
GLn(oℓ) with ℓ ≥ 2 have already appeared in the work of Hill [8, Proposition 5.7] where he
proved that the space Ind
GLn(oℓ)
U(oℓ)
(θ) is multiplicity free for even ℓ and for ℓ odd Hill [8, Propo-
sition 5.7] managed to prove that certain class of regular representations of GLn(oℓ) admits
at most one θ-Whittaker model. We briefly recall the definition of regular representations
of G(oℓ), for more details, see Section 3 and also [12]. We will define and use the term
regular representations of SLn(oℓ) only under the conditions (p, 2) = (p, n) = 1. In gen-
eral the definition of regular representations for SLn(oℓ) is slightly complicated than the
Definition 1.2 and we will avoid the general one in this article.
Let G(oℓ) be either SLn(oℓ) with (p, 2) = (p, n) = 1 or GLn(oℓ). Let g denote the Lie
algebra scheme of G. For every positive integer r, let Krℓ = Ker(G(oℓ) 7→ G(o/p
r)) be the
r-th principal congruence subgroup of G(oℓ). There are G(k)-equivariant isomorphisms
K
r
ℓ/K
r+1
ℓ  (g(k),+) and a G(k)-equivariant isomorphism x 7→ ϕx between g(k) and its
Pontryagin dual g(k)∨ = HomZ(g(k),C
×) (see [12, Section 2.3]). An element x ∈ g(k)
is called regular or cyclic if the characteristic polynomial of x is equal to its minimal
polynomial. An element x ∈ g(k) is called cuspidal if the characteristic polynomial of x is
irreducible. A one dimensional representation ϕx ∈ g(k)
∨ is called regular (cuspidal) if x
is a regular (cuspidal) element.
Definition 1.2. [Regular (Cuspidal) representations] An irreducible representation ρ of
G(oℓ) is called regular (cuspidal) if the orbit of its restriction to K
ℓ−1
ℓ  g(k) consists of
regular (cuspidal) one dimensional representations.
It is to be noted that every cuspidal representation ofG(oℓ) is regular but the converse is
not true for any n ≥ 2. A construction of all cuspidal representations of GLn(oℓ) was given
by Aubert et al. [1]. For odd p and ℓ ≥ 2, the construction of all regular representations
for SLn(oℓ) with p ∤ n and for all GLn(oℓ) was obtained in [12]. For general p, an indepen-
dent construction of regular representations of GLn(oℓ) is given by Stasinski-Stevens [20].
The regular representations for ”good” characteristic of the residue field, have also been
constructed when G is a unitary, orthogonal or symplectic group, see [12, 18]. The case
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of G = SLn for p | n is not yet completely known even for n = 2, see [7] for few results
regarding this. In this article, we complete Hill’s results for GLn(oℓ) with ℓ odd as well as
generalise these to SLn(oℓ) for p ∤ n. In particular, we prove the following.
Theorem 1.3. Let ℓ ≥ 2, and G(oℓ) be either SLn(oℓ) with (p, 2) = (p, n) = 1 or GLn(oℓ).
Then the following are true.
(1) An irreducible representation of G(oℓ) admits a θ-Whittaker model for some non-
degenerate character θ of U(oℓ) if and only if it is regular.
(2) For every non-degenerate character θ of U(oℓ), every irreducible representation of
G(oℓ) admits at most one θ-Whittaker model.
This theorem follows from a more general result, see Theorem 4.2, and its proof is
included in Section 4.1. The proofs of these results depend on the description and the con-
struction of the regular representations as given in [12,20], see also Section 3 where we re-
call briefly this construction. The proof of the second part of Theorem 1.3 is quite indirect.
Usually for a proof of multiplicity one theorem for a G-representation V = IndGH(δ), where
H is a subgroup ofG and δ is a representation of H, one expects to use the Gelfand’s trick.
This trick relies on defining a good involution on G which in turn fixes all the functions
f ∈ EndG(V), where f is considered as a function on the double cosets H\G/H. Therefore
to use this trick, one requires a good description of double cosetsU(oℓ)\G(oℓ)/U(oℓ). In the
present case such a description is known only forG = GL2(oℓ) and GL3(oℓ) (see [16]) and
is non-trivial even for GL3(oℓ). The description of double cosets U(oℓ)\G(oℓ)/U(oℓ) is not
known in general and is believed to be quite complicated. Therefore our proof completely
avoids the approach using Gelfand’s trick and is more towards generalising the ideas of
Hill. For the proof, we count the sum of dimensions of few specific regular representa-
tions of G(oℓ). This is achieved by carefully following the steps in the construction of the
regular representations. In our case, it turns out that this sum is equal to the dimension of
Ind
G(oℓ)
U(oℓ)
(θ).
As a corollary of the proof of Theorem 1.3, we obtain the following result of Hill [8,
Proposition 5.7], see the discussion preceding Theorem 4.2.
Corollary 1.4. For G(oℓ) = GLn(oℓ) and a non-degenerate character θ of U(oℓ), an irre-
ducible representation of G(oℓ) admits a θ-Whittaker model if and only if it is regular.
The above result is not true for SLn(oℓ), see Sections 5 and 6. We characterize the
regular representations of SLn(oℓ) for (p, 2) = (p, n) = 1 that admit a θ-Whittaker model
for every non-degenerate character θ of U(oℓ), see Theorem 6.9. From Theorem 1.1, we
also obtain the following result.
Theorem 1.5. Let ρ be a regular representation of GLn(oℓ) then the restriction of ρ to
SLn(oℓ) is multiplicity free.
A proof of this result is included in Section 6. This result is quite interesting in view
of the fact that although the construction of regular representations of GLn(oℓ) is known
in general but very less is known regarding the irreducible representations of SLn(oℓ) for
p | n. The above result may be useful in finding more information regarding the irreducible
representations of SLn(oℓ) for p | n.
For (p, 2) = (p, n) = 1, Theorem 1.5 alongwith the information of dimensions of regular
representations of GLn(oℓ) and SLn(oℓ) as given in [12], we determine the explicit dimen-
sion of the endomorphism algebra EndSLn(oℓ)
(
Res
GLn(oℓ)
SLn(oℓ)
(ρ)
)
for any regular representation
ρ of GLn(oℓ), see Theorem 6.11. We believe that the results of Theorems 1.5 and 6.11 will
prove to be helpful in describing the branching rules for the supercuspidal representations
of SLn(F) as was achieved by Nevins [14] for SL2(F).
1.1. Notations. We include here few notations that we use throughout this article. First,
it is to be noted that k = o1 = Fq, we use these interchangeably depending on the context
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and the convenience. For a group G, the set of all equivalence classes of irreducible rep-
resentations of G is denoted by Irr(G). The set of all one dimensional representation of an
abelian group A is also denoted by Â. For a normal subgroup N of G and an irreducible
representation ϕ of N, the set of all ρ ∈ Irr(G) such that the restriction ρ|N of ρ to N has ϕ
as a non-trivial constituent is denoted by Irr(G | ϕ) and any element of Irr(G | ϕ) is at times
called a representation of G lying above ϕ.
2. Regular elements of g(or)
Throughout this section, we assume that either G = SLn with (p, n) = (p, 2) = 1 or
G = GLn. Let g denote the Lie algebra scheme of G. In this section, we collect some facts
regarding the regular elements of g(or) for r ≥ 1.
An element x ∈ g(or) ⊆ Mn(or) is called cyclic if there exists an element v ∈ o
⊕n
r
such that the set {v, x(v), x2(v), . . . , xn−1(v)} is a basis of free or-module o
⊕n
r . The vector v is
called a cyclic vector of x. The following lemma relates the cyclic and regular elements of
Mn(Fq).
Lemma 2.1. An element x ∈ Mn(o1) = Mn(Fq) is regular if and only x is cyclic.
Proof. This follows from the definition of regular x ∈ Mn(o1) (a proof appears in for
example, Suprunenko-Tyshkevich [21, Theorem 5]). 
Next, we recall the definition of regular elements of g(or).
Definition 2.2 (Regular element of g(or)). An element x ∈ g(or) ⊆ Mn(or) is called regular
if and only if it is cyclic.
For any i ≤ r, there exists a natural projection ρr,i : or → oi which is a ring homo-
morphism. By applying entry wise, we obtain a projection ρr,i : g(or) → g(oi). For any
x ∈ g(or), the image ρr,1(x) is denoted by x¯.
Lemma 2.3. Let x ∈ g(or) ⊆ Mn(or) and let r ≥ 1. The following are equivalent.
(1) The element x ∈ g(or) is regular.
(2) The projection of x to g(oi) for every 1 ≤ i ≤ r is regular.
(3) The centralizer CMn(or )(x) = {y ∈ Mn(or) | xy = yx} of x in Mn(or) is abelian.
(4) CMn(or )(x) = or[x], where or[x] is a or-subalgebra of Mn(or) generated by the set
{I, x, x2, . . . , xn−1}.
Proof. A proof of this follows fromHill [8, Theorem 3.6, Corollary 3.7] along with the fact
that x ∈ g(or) is regular if and only if x is regular when viewed as an element of Mn(or). 
Recall o1 = Fq. We use dg to denote the dimension of the Fq-vector space g(o1). For
x¯ ∈ g(o1), the dimension of the centralizer algebra Cg(o1 )(x¯) = {y¯ ∈ g(o1) | x¯y¯ = y¯x¯} as
o1-vector space is denoted by dg(o1)(x¯). Note that by Lemmas 2.3 and 2.1, for every regular
x¯ ∈ Mn(o1) and y¯ ∈ sln(o1) we have dMn(o1)(x¯) = n and dsln(o1)(y¯) = n − 1.
Lemma 2.4. Let x ∈ g(or) be a regular matrix and Cg(or )(x) = {y ∈ g(or) | xy = yx} be the
centralizer of x in g(or). Then |Cg(or )(x)| = q
(dg(o1)(x¯))r .
Proof. Both for g = Mn(or) and g = sln(or) and regular x, the result follows by Lemma 2.3.

Definition 2.5. (a-regular element) For a ∈ o×r , let x ∈ Mn(or) be of the following form,
(2.1) x =

0 0 0 · · · 0 x1
a 0 0 · · · 0 x2
0 1 0 · · · 0 x3
...
...
...
...
...
0 0 0 · · · 1 xn

A MULTIPLICITY ONE THEOREM 5
where xi ∈ or for 1 ≤ i ≤ n. Then x ∈ Mn(or) is regular and is called an a-regular element
of Mn(or).
Lemma 2.6. The following are true for the set of regular elements of g(or).
(1) The set of regular elements in g(or) is invariant under the conjugation action of
G(or).
(2) Every conjugacy class of regular elements of g(or) contains an a-regular element
for some a ∈ o×r .
(3) For any a ∈ o×r , the number of a-regular conjugacy classes of g(or) is q
(dg(o1)(x¯))r ,
where x ∈ g(or) is any regular matrix.
Proof. The proof of (1) follows by Lemma 2.3. For GLn(or) every a-regular matrix is
conjugate to a 1-regular element via conjugating with a diagonal matrix (a, 1, . . . , 1). The
rest of the proof of (2) for G = GLn and g = Mn follows from Mcdonald [13, p.417-
419] (see also Hill [8, Remark 3.10] ). For G = SLn, g = sln we first note that by above
for x1 ∈ sln(or), there exists g ∈ GLn(or) such that gx1g
−1 is 1-regular. Consider the
diagonal matrix z = ( 1
det(g)
, 1, . . . , 1) ∈ GLn(or) and g
′
= zg ∈ SLn(or) then g
′x1(g
′)−1 is
det(g)-regular. This in particular implies that every similarity class in sln(or) contains an
a-regular element for some a ∈ o×r . From this (2) and (3) for g = sln follow easily from
the corresponding results for g = Mn. It is to be noted that a similarity class in g(or) may
contain both an a-regular and a b-regular element for a , b. However for a fixed a ∈ o×r ,
each similarity class contains at most one a-regular element.
Last we note that the similarity class of an a-regular element is determined by its char-
acteristic polynomial so (3) follows by direct computations from Lemma 2.3. 
Lemma 2.7. Let x ∈ Mn(or) be an a-regular matrix. Then Cg(or )(x) ∩ U(or) = CG(or )(x) ∩
U(or) = {In}
Proof. We note that for a-regular matrix x, for every 1 ≤ i ≤ n−1, there exists 1 ≤ j, k ≤ n
such that j > k and ( j, k)th-entry of xi ∈ o×r . Now result follows by the fact that CG(or )(x) ⊆
Cg(or )(x) ⊆ CMn(or )(x), by Lemma 2.3 the set Cg(or )(x) is generated by {I, x, x
2, . . . , xn−1} as
or-algebra and for every y ∈ U(or), the ( j, k)
th entry of y is zero for j > k. 
Lemma 2.8. Let x = (xi j) ∈ Mn(or) be such that x21 = a ∈ o
×
r and xi j = 1 for all i, j such
that i ≥ 3, i = j + 1 and xi j = 0 for all i, j such that i − j ≥ 2. Then x is regular.
Proof. By Lemma 2.3, it is enough to prove that x¯ is regular for all above x. For that it is
easy to see that v = (1, 0, 0, . . . , 0) ∈ o⊕n
1
satisfies that {v, x¯v, x¯2v, · · · , x¯n−1v} generates the
n-dimensional vectors space o⊕n
1
.

3. Construction of regular representations of G(oℓ)
In this section we follow [12, 20] to give a brief outline of the construction of regular
representations of G(oℓ), where either G = SLn with (p, n) = (p, 2) = 1 or G = GLn.
For i ≤ ℓ and the natural projection maps ρℓ,i : G(oℓ) → G(oi), as defined in Section 2,
let Kiℓ = ker(ρℓ,i) be the i-th congruence subgroups of G(oℓ). It is easy to note that for
i ≥ ℓ/2, the group Kiℓ is isomorphic to the abelian additive subgroup g(oℓ−i) of Mn(oℓ−i).
Let ϕ : oℓ → C
× be a fixed primitive one dimensional representation of oℓ. For any
i ≤ ℓ/2 and x ∈ g(oi), let xˆ ∈ g(oℓ) be an arbitrary lift of x satisfying ρℓ,i(xˆ) = x. Define
ϕx : I +̟
ℓ−i
g(oℓ) → C
× by
ϕx(I +̟
ℓ−iy) = ϕ(̟ℓ−itr(xˆy)),
for all I + ̟ℓ−iy ∈ Kℓ−iℓ . Then ϕx is easily seen to be a well defined one dimensional
representation of Kℓ−iℓ . Further it is easy to see that for i ≥ ℓ/2 the following duality of
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abelian group Kiℓ and g(oℓ−i) holds.
(3.1) g(oℓ−i)  K̂
i
ℓ ; x 7→ ϕx where, ϕx(y) = ϕ(̟
ℓ−itr(xˆy)) ∀ y ∈ Kiℓ.
We say a one dimensional representation ϕx ∈ K̂
i
ℓ for i ≥ ℓ/2 is regular if and only
if x ∈ Mn(oℓ−i) is a regular matrix. By Lemma 2.3, for i ≥ ℓ/2 the representation ϕx ∈
K̂
i
ℓ is regular if and only if ϕx|Kℓ−1ℓ
is regular. Recall an irreducible representation ρ of
G(oℓ) is called regular if the orbit of its restriction to K
ℓ−1
ℓ consists of one dimensional
representations ϕx for regular x.
Now we summarize the steps of construction of regular representations of G(oℓ). For
G(oℓ) with odd p we will outline the method as given in [12] and we follow [20] for
GLn(oℓ) with p = 2. It might be useful to look at Figures 3.1 and 3.1 while going through
the steps of construction. For more details on this see [12, 20]. The construction in both
cases is based on the tools of abstract Clifford theory and orbits. See [9, Chapter 6] for
general results and their proofs regarding Clifford theory and [19, Theorem 2.1] for the
precise statements related to Clifford theory that are used in this article. The main point of
the construction is that the case of G(oℓ) where either G = SLn with (p, n) = (p, 2) = 1
or G = GLn are good in the sense that for any regular one dimensional representation ϕx
of
̂
K
⌈ℓ/2⌉
ℓ
, the inertia group IG(oℓ)(ϕx) = {g ∈ G(oℓ) | ϕ
g
x  ϕx} is ”nice”. In all these cases,
the required inertia group although is non-abelian but still is a product of an abelian group
with a congruence subgroup and therefore all the representations of the required inertia
group lying above ϕx can be constructed. This combined with the Clifford theory gives the
construction of all regular representations of G(oℓ).
3.1. Construction of regular representations of G(oℓ) for ℓ = 2m. Let ϕx ∈ K̂
m
ℓ be a
regular one dimensional representation of Kmℓ for x ∈ g(om). Then the following are true.
E.1 Let IG(oℓ)(ϕx) = {g ∈ G(oℓ) | ϕ
g
x  ϕx} be the inertia group of ϕx in G(oℓ).
(1) Then IG(oℓ)(ϕx) = CG(oℓ)(x˜)K
m
ℓ , where x˜ ∈ oℓ is any lift of x to g(oℓ).
(2) Although the inertia group IG(oℓ)(ϕx) is not abelian but the quotient IG(oℓ)(ϕx)/K
m
ℓ 
CG(om )(x) is abelian by Lemma 2.3.
E.2 Let δ be a one dimensional representation of CG(oℓ )(x˜) extending ϕx|Kmℓ ∩CG(oℓ )(x˜). The
existence of this δ follows easily because the group CG(oℓ )(x˜) is abelian. Define ϕ˜x :
IG(oℓ)(ϕx) → C
× by ϕ˜x(ab) = δ(a)ϕx(b) for all a ∈ CG(oℓ)(x˜) and b ∈ K
m
ℓ . It can be easily
shown that ϕ˜x is a well defined one dimensional representation of IG(oℓ)(ϕx) that extends
the representation ϕx.
E.3 Let ρ ∈ Irr (G(oℓ) | ϕx) be a regular representation of G(oℓ), then there exists an exten-
sion ϕ˜x of ϕx to IG(oℓ)(ϕx) such that ρ  Ind
G(oℓ)
IG(oℓ )(ϕx)
(ϕ˜x). This follows by E.1, E.2 combined
with Clifford theory.
E.4We have |Irr(G(oℓ) | ϕx)| =
∣∣∣CG(om)(x)
∣∣∣ .
E.5 Every ρ ∈ Irr (G(oℓ) | ϕx) has dimension
|G(oℓ)|
|CG(om)(x)||K
m
ℓ |
.
3.2. Construction of regular representations of G(oℓ) for ℓ = 2m+ 1. The construction
for this case is involved as compared to ℓ = 2m case. So here we highlightwhat is important
for us and refer the reader to [12, 20] for more details. Let ϕx ∈ K̂
m+1
ℓ be a regular one
dimensional representation of Km+1ℓ for x ∈ g(oℓ−m). Let x˜ ∈ g(oℓ) be a lift of x to g(oℓ). For
p , 2, eitherG = SLn with p ∤ n or G = GLn. For p = 2, we considerG = GLn.
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Figure 3.1. Even case
ℓ = 2m
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▼▼
▼▼
▼
K
m+1
ℓ ∩ CG(oℓ)(x˜)
{1}
Figure 3.2. Odd case ℓ =
2m + 1
O.1 Define groups Hm
ℓ
and Rx¯ as follows.
Hiℓ =

K
i
ℓ, p , 2(
K
1
ℓ ∩ CG(oℓ )(x˜)
)
K
i
ℓ, p = 2.
Rx¯ =

(
K
m
ℓ ∩ CG(oℓ)(x˜)
)
K
m+1
ℓ , p , 2(
K
1
ℓ ∩ CG(oℓ)(x˜)
)
K
m+1
ℓ , p = 2.
O.2 The following are true for groups Hi
ℓ
and Rx¯.
(1) The group Rx¯ is a normal subgroup of H
m
ℓ
.
(2) The quotient group Rx¯/K
m+1
ℓ is abelian.
(3) The one dimensional representation ϕx ∈ K̂
m+1
ℓ
extends to Rx¯.
O.3 The extensions of ϕx to Rx¯ satisfy the following:
(1) each extension of ϕx to Rx¯ is stable under K
m
ℓ .
(2) Each extension of ϕx to Rx¯ determines a non-degenerate bilinear form on H
ℓ
m/Rx¯.
Then there exists a “nice” maximal isotropic space Jx with respect to this bilinear
form such that, parallel to the method of construction of “Heisenberg” groups,
every extension of ϕx to Rx¯ determines a unique irreducible representation of H
m
ℓ
of dimension q
dg−dg(o1)
(x¯)
2 , see [12, Section 3] for p , 2 and [20, Section 3] for p = 2
for more details.
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(3) Let ϕ˜x be an extension of ϕx to Rx¯ and σ ∈ Irr(H
m
ℓ
| ϕx) be unique irreducible
representation determined by ϕ˜x. Then,
σ|Rx¯ = ϕ˜x + · · · + ϕ˜x︸          ︷︷          ︸
dg−dg(o1)
(x¯)
2
−times
.
O.4 Let IG(oℓ)(σ) = {g ∈ G(oℓ) | σ
g
 σ} be the inertia groups of σ ∈ Irr(Hm
ℓ
| ϕx). Then
the following are true:
(1) IG(oℓ)(σ) = IG(oℓ)(ϕx) = CG(oℓ)(x˜)K
m
ℓ , where x˜ ∈ g(oℓ) is any lift of x to g(oℓ). This
follows by the definition of Rx¯ along with O.2.
(2) Every σ ∈ Irr(Hm
ℓ
| ϕx) extends to the inertia group IG(oℓ)(σ). In particular, every
such extension induces irreducibly to G(oℓ) and gives rise to a regular representa-
tion ofG(oℓ). This is slightly technical part and depends on the structure of groups
Rx¯, Jx, H
m
ℓ
and IG(oℓ)(σ).
O.5 Combining above all, there exists a bijection Irr (G(oℓ) | σ) ↔ CG(om )(x).
O.6 Every ρ ∈ Irr (G(oℓ) | σ) for σ ∈ Irr(K
m
ℓ | ϕx) has dimension q
dg−dg(o1)
(x¯)
2
|G(oℓ)|
|CG(om)(x)||K
m
ℓ |
.
O.7 Altogether, we have the following:
(1) |Irr (G(oℓ) | ϕx) | = q
dg(o1)(x¯)|CG(om)(x)|.
(2) Every ρ ∈ Irr (G(oℓ) | ϕx) has dimension q
dg−dg(o1)
(x¯)
2
|G(oℓ)|
|CG(om)(x)||K
m
ℓ |
.
4. Uniqueness of θ-Whittaker models
In this section first we prove Theorem 1.3 and then use this to prove Theorem 1.1. Let
ϕ be a fixed primitive character of oℓ. For a ∈ o
×
ℓ
, define ϕa : oℓ → C
× by ϕa(x) = ϕ(ax).
Then it is easy to see that ϕa is a primitive character of oℓ and every primitive character of
oℓ is of the form ϕa for some a ∈ o
×
ℓ
. For a ∈ o×
ℓ
, define θa : U(oℓ) → C
× by
(4.1) θa((xi j)) := ϕ(ax12 + x23 + · · · + x(n−1)n).
The subgroup of G(oℓ) consisting of all diagonal matrices (split torus) acts on U(oℓ) by
conjugation. It is to be noted that every one dimensional non-degenerate representation of
U(oℓ) is equivalent to θa for some a ∈ o
×
ℓ
under the conjugation action of the split torus.
Therefore without loss of generality, it is enough to prove Theorems 1.1 and 1.3 for θ = θa
for all a ∈ o×
ℓ
and for any fixed primitive character ϕ of oℓ.
4.1. Proof of Theorem 1.3. Throughout this section we assume that either G = SLn with
(p, n) = (p, 2) = 1 or G = GLn. For 1 ≤ k < ℓ, let U(̟
k
oℓ) be the group of unipotent
upper triangular matrices for which the entries in the strictly upper triangular part belong
to ̟koℓ. We assume that m is such that ℓ = 2m for even ℓ and ℓ = 2m + 1 for odd ℓ. We
also assume that primitive character ϕ of oℓ used in the definition of the construction of
regular representations of G(oℓ) in Section 3 and in the definition of θa is the same one.
The following definition plays an important role in what follows.
Definition 4.1. (α-regular representation of G(oℓ)) A regular representation ρ of G(oℓ) is
called α-regular for α ∈ o⌊ ℓ
2
⌋ if there exists an α-regular element x ∈ g(o⌊ ℓ
2
⌋) such that
(ρ|
K
⌈ ℓ
2
⌉
ℓ
, ϕx) , 0 for ϕx ∈ K̂
⌈ ℓ
2
⌉
ℓ
.
We proceed to state and prove the main theorem of this article. As mentioned above,
every non-degenerate character of U(oℓ) is conjugate to θa for some a ∈ o
×
ℓ
and therefore
Theorem 1.3 directly follows from Theorem 4.2. For G(oℓ) = GLn(oℓ) and for any a ∈ o
×
ℓ
,
every regular representation is ρℓ,m(a) regular. Therefore Corollary 1.4 also follows from
Theorem 4.2.
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Theorem 4.2. (1) An irreducible representation π of G(oℓ) for ℓ ≥ 2 admits a θa-
Whittaker model if and only if it is ρℓ,m(a)-regular.
(2) An irreducible representation of G(oℓ) for ℓ ≥ 2 admits at most one θa-Whittaker
model for every a ∈ o×
ℓ
.
Proof. First, we prove that for a ∈ o×
ℓ
, every ρℓ,m(a)-regular representation admits a θa-
Whittaker model. Define Nm
ℓ
as follows.
Nmℓ =

Km
ℓ
, ℓ = 2m
Hm
ℓ
, ℓ = 2m + 1,
where Km
ℓ
and Hm
ℓ
as defined in the Section 3. Since π is a ρℓ,m(a)-regular representation
of G(oℓ) by construction of π (see E.3 and O.4 ) there exists an irreducible representation
σ of Nm
ℓ
which lies over a regular one dimensional representation ϕx of K
⌈ ℓ
2
⌉
ℓ
for some
ρℓ,m(a)-regular element x and σ extends to the inertia group IG(oℓ)(σ) written as σ˜ with the
property that
π  Ind
G(oℓ)
IG(oℓ )(σ)
σ˜.
Write I(σ) for the inertia group IG(oℓ)(σ). By using Frobenius reciprocity and Mackey
theory we get
HomG(oℓ)
(
π, Ind
G(oℓ )
U(oℓ)
(θa)
)
=
⊕
g∈I(σ)\G(oℓ)/U(oℓ)
HomU(oℓ)∩(I(σ))g (σ˜
g, θa)
To prove HomG(oℓ)
(
π, Ind
G(oℓ )
U(oℓ)
(θa)
)
, 0 it is enough to prove that HomU(oℓ)∩I(σ) (σ˜, θa) , 0
and this we prove in next few lemmas.
Lemma 4.3. For ℓ = 2m, let x ∈ g(om) be a ρℓ,m(a)-regular element. The following are
true.
(1) The intersection U(oℓ) ∩ IG(oℓ)(σ) = U(̟
m
oℓ).
(2) We have HomU(̟moℓ) (σ˜, θa) , 0.
Proof. For ℓ = 2m, we have Nm
ℓ
= K
m
ℓ and therefore σ = ϕx in this case. Then IG(oℓ)(ϕx) =
CG(oℓ)(x˜)K
m
ℓ for any lift x˜ of x by E.1. it is clear that U(̟
m
oℓ) ⊆ U(oℓ) ∩ IG(oℓ)(ϕx), so
we proceed to prove the other side inclusion. The element x is ρℓ,m(a)-regular. Therefore
by Lemma 2.7, we have U(oℓ) ∩ CG(oℓ )(x˜) = {1}. This implies, any v ∈ U(oℓ) ∩ IG(oℓ)(ϕx)
satisfies v ∈ Kmℓ This along with v ∈ U(oℓ) gives v ∈ U(̟
m
oℓ). Therefore (1) follows.
The proof of (2) amounts to say that the restriction of ϕ˜x to U(̟
m
oℓ) is same as the
restriction of θa to U(̟
m
oℓ). Which is clear since x is ρℓ,m-regular and therefore ϕ˜x(y) =
θa(y) for every y ∈ U(̟
m
oℓ). This proves part (2). 
Lemma 4.4. For ℓ = 2m+1, consider the set S = Irr
(
U(̟moℓ) | θa|U(̟m+1oℓ)
)
. The following
are true.
(1) The set S consists of one dimensional representations of U(̟moℓ).
(2) If x ∈ g(om) is a ρℓ,m(a)-regular element and σ ∈ Irr
(
Hm
ℓ
| ϕx
)
. Then,
σ|U(̟moℓ)  ⊕
χ ∈ S
χ.
Proof. The one dimensional representation θa|U(̟moℓ) extends the character θa|U(̟m+1oℓ) to
groupU(̟moℓ). The quotient group
U(̟moℓ)
U(̟m+1oℓ)
is abelian, so (1) follows fromClifford theory.
For (2), consider the normal subgroup Rx¯ = K
m
ℓ ∩ CG(oℓ )(x˜)K
m+1
ℓ of K
m
ℓ . By O.3, for σ ∈
Irr
(
K
m
ℓ | ϕx
)
, there exists an extension ϕ˜x of ϕx to Rx¯ such that σ|Rx¯ = ϕ˜x + · · · + ϕ˜x︸          ︷︷          ︸
(dg−dg(o1)(x¯))/2−times
and
σ is unique irreducible representation of Kmℓ lying above ϕ˜x.
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Consider the hierarchy of groups given in Figure 4.1. By Lemma 2.7, we have Rx¯ ∩
U(̟moℓ) = U(̟
m+1
oℓ). Since x is ρℓ,m(a)-regular, we have
ϕ˜x|U(̟m+1oℓ) = ϕx|U(̟m+1oℓ) = θa|U(̟m+1oℓ)
and ϕ˜x is stable under U(̟
m
oℓ), so the map ϕ˜x ◦ θa : (Rx¯)(U(̟
m
oℓ)) → C
× defined by
(ϕ˜x ◦ θa)(xy) = ϕ˜x(x)θa(y) for all x ∈ Rx¯ and y ∈ U(̟
m
oℓ) is a well defined one di-
mensional representation of (Rx¯)(U(̟
m
oℓ)). Further, the one dimensional representation
ϕ˜x ◦ θa extends ϕ˜x. The quotient group (Rx¯)(U(̟
m
oℓ))/Rx¯ is easily see to be abelian of
order q
dg−dg(o1)
(x¯)
2 . Therefore by Clifford theory, the set Irr ((Rx¯)(U(̟
m
oℓ)) | ϕ˜x) consists of
exactly q
dg−dg(o1)
(x¯)
2 -many distinct one dimensional representations.
We claim that any χ ∈ Irr ((Rx¯)(U(̟
m
oℓ)) | ϕ˜x) satisfies Ind
Hm
ℓ
(Rx¯)(U(̟moℓ))
(χ)  σ. Recall
σ is a unique irreducible representation of Hm
ℓ
lying above ϕ˜x and therefore we must have
〈σ, Ind
Hm
ℓ
(Rx¯)(U(̟moℓ)
(χ)〉 , 0 for every χ ∈ Irr ((Rx¯)(U(̟
m
oℓ)) | ϕ˜x) . Now the claim follows
because
dim(σ) = dim(Ind
Hm
ℓ
(Rx¯)(U(̟moℓ))
(χ)) = q
dg−dg(o1)
(x¯)
2 ,
for every χ ∈ Irr ((Rx¯)(U(̟
m
oℓ)) | ϕ˜x) .
Hm
ℓ
q
dg−dg(o1)
(x¯)
2
(Rx¯)(U(̟
m
oℓ))
q
dg(o1)
(x¯)
❖❖
❖❖
❖❖
❖❖
❖❖
❖
q
dg−dg(o1)
(x¯)
2rr
rr
rr
rr
rr
r
Rx¯
▲▲
▲▲
▲▲
▲▲
▲▲
U(̟moℓ)
♦♦
♦♦
♦♦
♦♦
♦♦
♦
U(̟m+1oℓ)
{1}
Figure 4.1.

Lemma 4.5. For ℓ = 2m + 1, let x ∈ g(om) be a ρℓ,m(a)-regular element and σ ∈ Irr(H
m
ℓ
|
ϕx). Then the following are true.
(1) The intersection U(oℓ) ∩ I(σ) = U(̟
m
oℓ).
(2) We have, HomU(̟moℓ) (σ˜, θa) = HomU(̟moℓ) (σ, θa) , 0.
Proof. For (1), we note that by O.4, I(σ) = IG(oℓ)(ϕx). The rest of the proof is similar to
Lemma 4.3(1). For (2), note that the dimension of σ is q
dg−dg(o1)
(x¯)
2 . By Lemma 4.4, we have
σ|U(̟moℓ) is direct sum of q
dg−dg(o1)
(x¯)
2 distinct one dimensional representations of U(̟moℓ).
We also know that σ|Km+1
ℓ
is isomorphic to direct sum of q
dg−dg(o1)
(x¯)
2 times ϕx. Therefore all
the one dimensional representations of σ|U(̟moℓ) are extensions of ϕx |U(̟m+1oℓ). Note that
the index [U(̟moℓ) : U(̟
m+1
oℓ)] = q
dg−dg(o1)
(x¯)
2 = q
n(n−1)
2 which is the same as the dimen-
sion of σ. Thus σ|U(̟moℓ) is direct sum of all the possible extensions of ϕx|U(̟m+1oℓ) to the
subgroup U(̟moℓ). By hypothesis, the element x is ρℓ,m(a)-regular therefore θa|U(̟m+1oℓ) =
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ϕx|U(̟m+1oℓ). This implies that θa|U(̟moℓ) is an extension of ϕx to U(̟
m
oℓ). This combined
with the above discussion regarding σ|U(̟moℓ) gives HomU(̟moℓ)(σ, θa) , 0. 
This completes the proof of the fact that for a ∈ o×
ℓ
every ρℓ,m(a) regular representation
of G(oℓ) admits a θa-Whittaker model. Next, we prove that the sum of the dimensions of
all inequivalent ρℓ,m(a)-regular representations of G(oℓ) is equal to the dimension of the
induced representation Ind
G(oℓ)
U(oℓ)
(θa).
Lemma 4.6. Let Ra be the set of isomorphism classes of ρℓ,m(a)-regular representations
of G(oℓ) and x¯ ∈ g(Fq) be a regular element. Then the following is true.
∑
π∈Ra
dim(π) =

q(dg(o1)(x¯))m|G(om)|, for ℓ = 2m
q(dg(o1)(x¯))m · q
dg+(dg(o1)(x¯))
2 |G(om)|, for ℓ = 2m + 1.
Proof. We prove this result for cases ℓ = 2m and ℓ = 2m + 1 separately.
For ℓ = 2m, by E.4 and E.5, the sum of dimensions of all inequivalent ρℓ,m(a)-regular
representations lying above the one dimensional representation ϕx for any ρℓ,m(a)-regular
x ∈ g(om) is the index [G(oℓ) : K
m
ℓ
] = |G(om)|. We recall that, the number of ρℓ,m(a)-
conjugacy classes of regular elements in g(om) is q
(dg(o1)(x¯))m (by Lemma 2.6). Therefore∑
π∈Ra
dim(π) is q(dg(o1)(x¯))m|G(om)| for ℓ = 2m.
For ℓ = 2m + 1, by O.7, the sum of the dimensions of all inequivalent ρℓ,m(a)-regular
representations lying over the one dimensional representation ϕx of K
m+1
ℓ for any ρℓ,m(a)-
regular x ∈ g(om) is q
dg+(dg(o1)(x¯))
2 |G(om)|.Multiplying this with the number of ρℓ,m(a)-regular
conjugacy classes of g(om), we obtain our result even in this case. 
Next, we proceed to prove that the dimension of Ind
G(oℓ)
U(oℓ)
(θa) is same as
∑
π∈Ra
dim(π)
for all ℓ. We note that |U(oℓ)| = q
n(n−1)
2
ℓ
= q
dg−(dg(o1)(x¯))
2
ℓ for all ℓ. Consider the short exact
sequence,
1 → Kmℓ → G(oℓ) → G(om) → 1.
Therefore, |G(oℓ)| = |K
m
ℓ ||G(om)| and we have the following,
|Kmℓ | =

q(dg)m, for ℓ = 2m
qdg(m+1), for ℓ = 2m + 1.
Since, the dimension of Ind
G(oℓ)
U(oℓ)
(θ) is equal to [G(oℓ) : U(oℓ)], we obtain the result by sub-
stituting |G(oℓ)| and |U(oℓ)| from above. We have proved that every π ∈ Ra is a constituent
of Ind
G(oℓ)
U(oℓ)
(θ) and the dimension of Ind
G(oℓ)
U(oℓ)
(θa) is equal to
∑
π∈Ra
dim(π) for all ℓ ≥ 2. Both
of these facts together complete the proof of Theorem 4.2. 
4.2. Proof of Theorem 1.1. Now we are in a position to complete the proof of Theo-
rem 1.1. For ℓ ≥ 2 and for the groups G = GLn or G = SLn with (p, n) = (p, 2) = 1,
Theorem 1.1 follows directly from Theorem 1.3. ForG = SLn with p | n or p = 2, we note
that Ind
GLn(oℓ)
U(oℓ)
(θ)  Ind
GLn(oℓ)
SLn(oℓ)
(
Ind
SLn(oℓ)
U(oℓ)
(θ)
)
and Ind
GLn(oℓ)
U(oℓ)
(θ) is multiplicity free for non-
degenerate θ by Theorem 1.3. Therefore Ind
SLn(oℓ)
U(oℓ)
(θ) must be multiplicity free for every
non-degenerate character θ of oℓ.
5. Examples: GL2 and SL2
In this section, we discuss few details regarding the irreducible representations GL2(oℓ)
and SL2(oℓ) for ℓ ≥ 2 to bring out the differences in these cases regarding Theorem 1.3.
Throughout this section, we assume that 2 ∤ |o/p|.
In the construction of irreducible representations of G(oℓ) for G = GLn or SLn one
usually focuses on the construction of its primitive irreducible representations. These are
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precisely the representations that can not be obtained via pull back from the representations
of G(oi) for i < ℓ. Formally, the primitive representations of G(oℓ) are defined as below.
Definition 5.1. An irreducible representation ρ of G(oℓ) is called primitive if the orbit of
its restriction to Kℓ−1ℓ does not contain a one dimensional representation ϕx where x is a
scalar matrix.
It is to be noted that by definition every regular representation is primitive but converse
need not to be true. However it turns out to be true for GL2(oℓ) and SL2(oℓ) due to the
fact that any x ∈ M2(Fq) is either a scalar matrix or a cyclic matrix. Therefore every
one dimensional representation ϕx of K
ℓ−1
ℓ is such that either x is regular or scalar. In
particular, an irreducible representation ρ of GL2(oℓ) or SL2(oℓ) is regular if and only if
it is primitive. Let PGL2(oℓ) and PSL2(oℓ) be the set of inequivalent primitive irreducible
representations of GL2(oℓ) and SL2(oℓ) respectively. These sets are further partitioned into
three types as follows. Any irreducible representation ρ ∈ PGL2(oℓ) or PSL2(oℓ) is called
(of type) cuspidal, split non-semisimple and split semisimple if 〈ρ|Kℓ−1
ℓ
, ϕx〉 , 0 implies
characteristic polynomial of x is irreducible, splits over Fq and has equal roots and splits
over Fq with distinct roots respectively. For the groups GL2(oℓ), the information known
regarding the dimensions of all elements of PGL2(oℓ), see [15, Theorem 1.4] is given in
Table 1.
S.No. Type of ρ Number of ρ ∈ PGL2(oℓ) dimension of ρ
1. cuspidal 1
2
(q − 1)(q2 − 1)q2ℓ−3 qℓ−1(q − 1)
2. split non-semisimple (q − 1)q2ℓ−2 (q2 − 1)qℓ−2
3. split semisimple 1
2
q2ℓ−3(q − 1)3 qℓ−1(q + 1)
Table 1. Dimensions of regular representations for GL2(oℓ)
So in this case, we obtain the following.∑
ρ∈PGL2(oℓ)
dim(ρ) = (q2 − 1)(q − 1)q3ℓ−3 =
∣∣∣∣∣GL2(oℓ)U(oℓ)
∣∣∣∣∣ .
In case of GL2(Fq), it is well known that an irreducible representation of GL2(Fq) admits a
θ-Whittaker model for a non-degenerate θ if and only if it has dimension greater than one
and this result by Theorem 1.3 and above computations generalize to GL2(oℓ) as follows.
Theorem 5.2. An irreducible representation of GL2(oℓ) for ℓ ≥ 2 admits a θ-Whittaker
model for any non-degenerate character θ of oℓ if and only if it is primitive.
It is easy to see that the above result does not hold for GLn(oℓ) with ℓ ≥ 2 and n ≥ 3.
In comparison of the above result with SL2(oℓ), the numbers and dimensions of elements
of PSL2(oℓ) are as given in Table 2, see [11, Section 7]. For group SL2(oℓ), we have the
following. ∑
ρ∈PSL2(oℓ )
dim(ρ) = (q2 − 1)(q + 1)q2ℓ−3  (q2 − 1)q2ℓ−4 =
∣∣∣∣∣SL2(oℓ)U(oℓ)
∣∣∣∣∣ .
S.No. Type of ρ Number of ρ ∈ PSL2(oℓ) dimension of ρ
1. cuspidal 1
2
(q2 − 1)qℓ−2 qℓ−1(q − 1)
2. split non-semisimple 4qℓ−1 1
2
(q2 − 1)qℓ−2
3. split semisimple 1
2
qℓ−2(q − 1)2 qℓ−1(q + 1)
Table 2. Dimensions of regular representations for SL2(oℓ)
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This in particular implies that for any non-degenerate character θ of U(oℓ), there exists
regular(primitive) representations ρ1 and ρ2 of SL2(oℓ) such that ρ1 admits a θ-Whittaker
model but ρ2 does not admit a θ-Whittaker model. Further it is to be noted from the
dimensions given in Tables 1 and 2 that the cuspidal and split semisimple representations of
GL2(oℓ) in fact restrict to irreducible representations of SL2(oℓ). This in particular implies
the following.
Corollary 5.3. Any cuspidal or split-semisimple regular representation of the group SL2(oℓ)
admits a θ-Whittaker model for any non-degenerate character θ of U(oℓ).
This result also extends to SLn(oℓ) for (p, 2) = (p, n) = 1 and we discuss this in Sec-
tion 6, see Corollary 6.10.
6. Restriction from GLn(oℓ) to SLn(oℓ)
In this section, we prove Theorem 1.5. We also obtain the branching rules for the
restriction of regular representations of GLn(oℓ) to SLn(oℓ) for (p, 2) = (p, n) = 1.
6.1. Proof of Theorem 1.5. Let ρ be a regular representation of GLn(oℓ) and let δ be
a regular representation of SLn(oℓ) such that 〈δ, ρ〉SLn(oℓ) , 0. We need to prove that
〈δ, ρ〉SLn(oℓ) = 1. Let σ be a regular representation of SLn(oℓ) such that 〈σ, Ind
SLn(oℓ)
U(oℓ)
(θ)〉 ,
0 and 〈ρ, Ind
GLn(oℓ)
SLn(oℓ)
(σ)〉 , 0. The representation Ind
GLn(oℓ)
SLn(oℓ)
(σ) is a subrepresentation of
Ind
GLn(oℓ)
U(oℓ)
(θ) and therefore is multiplicity free by Theorem 1.1. By the fact that 〈δ, ρ〉SLn(oℓ) ,
0, 〈σ, ρ〉SLn(oℓ) , 0 and Clifford theory, we must have δ
g
= σ for some g ∈ GLn(oℓ). This
in particular implies that both Ind
GLn(oℓ)
SLn(oℓ)
(δ) and Ind
GLn(oℓ)
SLn(oℓ)
(σ) are isomorphic as GLn(oℓ)-
representations. Therefore Ind
GLn(oℓ)
SLn(oℓ)
(δ) is multiplicity free. By Frobenius reciprocity, we
obtain 〈δ, ρ〉SLn(oℓ) = 1.
6.2. Branching rules. For this we recall the definition of the type of a regular represen-
tation of GLn(oℓ) and SLn(oℓ) as given in [12]. Now onwards we will always assume
(p, 2) = (p, n) = 1.
Definition 6.1. A matrix τ = (τd,e) ∈ Mn(Z≥0) is called n-typical if n =
∑
d,e deτd,e. The set
of n-typical matrices is denoted byAn.
Let P(k) be the set of all monic irreducible polynomials in k[t]. For any x ∈ Mn(k), the
characteristic polynomial of x is of the form
∏
i f
ei
i
for some finite list of elements fi ∈ P(k)
with
∑
i ei(deg( fi)) = n. Therefore the polynomial
∏
i f
ei
i
determines an n-typical matrix
mx with mx
d,e
= |{i | deg( fi) = d and ei = e}|. It is well known that the regular elements
of Mn(k) up to conjugacy are determined uniquely by their characteristic polynomial. By
above we have the following map.
{Regular conjugacy classes in Mn(k)} → An ; x 7→ m
x
We remark that for q > n, the map x → mx is a surjection.
Definition 6.2. (τ-regular element) A regular element x ∈ Mn(k) is called τ-regular for
τ ∈ An if m
x
= τ.
Definition 6.3. (τ-regular representation) A regular representation ρ ofG(oℓ) is said to be
τ-regular if restriction of ρ to Kℓ−1
ℓ
contains ϕx for a τ-regular element x.
For τ ∈ An, r ∈ N and for a τ-regular x, we define the following.
v := |GLn(k)|,
uτ := |CGLn(k)(x)|,
ι(τ, r) := gcd
(
{e | ∃ d with τd,e , 0} ∪ {r}
)
.
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Theorem 6.4 ( [12], Theorems B and E). For τ ∈ An, the dimension of any τ-regular
representation ρ of G(oℓ) for ℓ ≥ 2 is given by the following.
dim(ρ) =

q(
n
2)(ℓ−2) v
uτ
, for G(oℓ) = GLn(oℓ) with (p, 2) = 1,
q(
n
2)(ℓ−2) v
ι(τ,q−1)uτ
, for G(oℓ) = SLn(oℓ) with (p, 2) = (p, n) = 1.
The proof of the above result is included in [12, Thereoms B, E]. In the following
remark we clarify the differences that arise in the present formulation of above result and
that of the corresponding statements in [12].
Remark 6.5. (1) Our stated results are for G(oℓ) and the results of [12] are for
G(oℓ+1). So ℓ is modified appropriately.
(2) The statement of [12, Theorem B] that gives above result for G(oℓ) = GLn(oℓ),
has the hypothesis q > n. However the remark after the statement of Theorem B
there clarifies that the above result is true even for q ≤ n. The hypothesis q > n is
required there for some other counting arguments which we will never use, so we
have omitted the condition q > n.
(3) The proof of Theorem 6.4 for G(oℓ) = SLn(oℓ) is part of the proof of [12, Theorem
E].
Corollary 6.6. The dimension of any τ-regular representation of SLn(oℓ) is obtained by
dividing the dimension of a τ-regular representation of GLn(oℓ) by ι(τ, q − 1).
Definition 6.7. (special-regular representation of SLn(oℓ)) A regular representation δ of
SLn(oℓ) is called special regular if and only if δ  Res
GLn(oℓ)
SLn(oℓ)
(ρ) for a regular representation
ρ of GLn(oℓ).
By Corollary 6.6 and the definition of special-regular, we obtain the following.
Lemma 6.8. A τ-regular representation of SLn(oℓ) is special-regular if and only if ι(τ, (q−
1)) = 1.
Theorem 6.9. A regular representation δ of SLn(oℓ) admits a θ-Whittaker model for every
non-degenerate character θ of U(oℓ) if and only if δ is special-regular.
Proof. Let δ be a special-regular representations of SLn(oℓ), then δ  Res
GLn(oℓ)
SLn(oℓ)
(ρ) for a
regular representation ρ of GLn(oℓ). Let θ be a non-degenerate character of U(oℓ). Then by
Corollary 1.4, we have
〈δ, Ind
SLn(oℓ)
U(oℓ)
θ〉 = 〈Res
GLn(oℓ)
SLn(oℓ)
(ρ), Ind
SLn(oℓ)
U(oℓ)
θ〉 = 〈ρ, Ind
GLn(oℓ)
U(oℓ)
θ〉 = 1.
Conversely, let δ be a regular representation of SLn(oℓ) such that δ is not a special-
regular representation of SLn(oℓ) and admits a θ-Whittaker model for every non-degenerate
θ. Then there exists δ′ (possibly equivalent to δ) such that both δ and δ′ are regular rep-
resentations of SLn(oℓ) and δ ⊕ δ
′ is a subrepresentation of Res
GLn(oℓ)
SLn(oℓ)
(ρ) for some regular
representation ρ of GLn(oℓ). The representation δ
′ is a regular representation of SLn(oℓ),
therefore by Theorem 1.3 there exists a non-degenerate character θ such that δ′ admits a
θ-Whittaker model. Then by our hypothesis,
〈ρ, Ind
GLn(oℓ)
U(oℓ)
(θ)〉 ≥ 〈δ ⊕ δ′, Ind
SLn(oℓ)
U(oℓ)
(θ)〉 = 2.
This is a contradiction to Theorem 1.1. 
Recall a regular element x is called cuspidal if the characteristic polynomial of x is
irreducible and cuspidal representations of G(oℓ) are the ones that lie above the cuspidal
characters. A regular element x is called split-semisimple if the characteristic polynomial
splits over Fq and has distinct roots. Parallel to the cuspidal representations, the split
semisimple representation of G(oℓ) are defined. Both the cuspidal and split semisimple
representations of SLn(oℓ) are special regular. This along with Theorem 6.9 directly gives
the following.
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Corollary 6.10. Let ρ be a cuspidal or a split semisimple representation of SLn(oℓ) for
(p, 2) = (p, n) = 1. Then ρ admits a θ-Whittaker model for every non-degenerate character
θ of U(oℓ).
Next, we describe the branching rules for Res
GLn(oℓ)
SLn(oℓ)
(ρ) for every regular representation
ρ of GLn(oℓ).
Theorem 6.11. For (p, 2) = (p, n) = 1. Let ρ be a τ-regular representation of GLn(oℓ) for
τ ∈ An. Then
EndSLn(oℓ)
(
Res
GLn(oℓ)
SLn(oℓ)
(ρ)
)
 Cι(τ,q−1).
Proof. By Theorem 1.5, the representation Res
GLn(oℓ)
SLn(oℓ)
(ρ) is multiplicity free. The group
SLn(oℓ) is a normal subgroup of GLn(oℓ), therefore by Clifford theory all the constituents
of Res
GLn(oℓ)
SLn(oℓ)
(ρ) must be of the same dimension and also must be τ-regular representations
of SLn(oℓ). Therefore by Corollary 6.6, the isomorphism of EndSLn(oℓ)
(
Res
GLn(oℓ)
SLn(oℓ)
(ρ)
)
and
Cι(τ,q−1) follows. 
The following is a direct corollary of Theorem 6.11 by the fact that ι(τ, q − 1) ≤ n for
every τ ∈ An.
Corollary 6.12. For (p, 2) = (p, n) = 1. Let ρ be a regular representation of GLn(oℓ).
Then Res
GLn(oℓ)
SLn(oℓ)
(ρ) has at most n irreducible constituents.
Remark 6.13. (1) We remark that Corollary 6.12 can also be obtained by considering
the index of the group Z(GLn(oℓ))SLn(oℓ) in GLn(oℓ), where Z(GLn(oℓ)) denotes
the centre of the group GLn(oℓ).
(2) Both of the above mentioned proofs of Corollary 6.12 very much depend on the
condition (p, n) = 1. It is natural to ask whether this result continues to be true
for general p and n?
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